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1. INTRODUCTION 


In a typical social choice problem, society attempts to select a single 
alternative from several possibilities. The Gibbard-Satterthwaite theorem 
[ 10, 13] shows that any “reasonable” deterministic social choice function 1s 
vulnerable to manipulation by the voters. Two possibilities for nonmanipul- 
able decision rules remain: (1) the use of a social choice rule with ties, and 
(11) the use of a probabilistic decision rule. 

In many situations, although the intent is to select a single alternative, 
it is acceptable to declare several alternatives tied. For instance, the 1968 
Academy Award for best actress was shared between Katherine Hepburn 
and Barbara Streisand; in 1979 the baseball players Keith Hernandez and 
Willie Stargell were named co-Most Valuable Player in the National 
League. Perhaps, then, a reasonable social choice rule that sometimes 
declares a tie could be strategyproof. 


'T thank John Bellwoar whose question led me to consider this problem. I also thank John 
Duggan, Marilyn Harris, Lewis Kornhauser, Vijay Krishna, Efe Ok, Arunava Sen, and 
especially Juan Dubra for their valuable input. In addition, I thank the referee for very useful 
comments. The support of the C. V. Starr center is acknowledged. 
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Once the possibility that a set of alternatives may be chosen is allowed, 
it is natural to take voters’ preferences over these sets to be the basic input 
of the social choice rule. Consider two voters and three alternatives. 
Suppose Voter | ranks a above b above c, while Voter 2 has the reverse 
ranking. A plausible decision rule that uses only single-alternative rankings 
could declare a and c to be tied. It is quite possible, however, that both 
voters would prefer to have b declared the unambiguous winner. But this 
cannot be determined without knowledge of the voters’ set rankings.” 

If one views sets of alternatives as the outcomes themselves, the Gibbard— 
Satterthwaite theorem still applies if all rankings of the sets are permitted. 
However, given the nature of the problem, it is natural to place restrictions 
on the admissible set rankings. For instance, we might require that Voter 
1 above prefer the set {a, b} to the set {b, c}. Once the domain of preferences 
is restricted, the possibility of strategyproofness arises. In this paper, I 
establish a Gibbard-Satterthwaite type result even with severe restrictions 
on admissible preferences. In a similar framework, Barbera, Dutta, and Sen 
[4] also establish a negative result. The relationship of their work, and 
other related work, to mine is explored in Section 4. 

Oftentimes, although a particular voting rule initially yields a tie, it is 
not possible to maintain several winners. One obvious option, then, is to 
resolve the tie with a lottery. Gibbard [11] considers this possibility, but 
restricts himself to random rules that only use information on how 
individuals rank single alternatives. I permit the rules to use complete 
information about the individuals’ rankings of lotteries. Nevertheless, I still 
derive a negative result. 

Although the two extensions considered, namely ties and lotteries, have 
significant differences, the methodology used here enables a unified treatment 
of both these extensions. 


2. TIES 


Notation 1. We begin with a set of individuals N, where |N| =n, and a 
set of alternatives M, where |M|=m. Let .@ denote the set of all non- 
empty subsets of /. We use small case letters a, b, ... to denote single alter- 
natives and the capital letters 4, B and M to denote sets of alternatives. 
Thus, ae M and Ae.@. The symbol = will be used to denote preference 
relations over ./, with > used for the strict part of the preference relation 
=. We write a>, b to mean {a} >; {b} (individual i weakly prefers the set 
consisting of a to the set consisting of b) and a>,b to mean {a} >, {b} 


? See Benoit and Kornhauser [6] for more on the perils of not using complete set ranking 
information. 
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(individual 7 strictly prefers the set consisting of a to the set consisting of 

b). Indeed, throughout this paper we will often write a when we mean {a}. 

The letter R will be used to represent a preference profile, R=(2,, 7, 
. =,). The domain of (admissible) preference relations is denoted D. 


Notation 2. Given a preference relation = in which the single alter- 
natives are ranked strictly (a>b or b>a for all a, be M,a#b), let a be 
the strictly highest ranked single alternative according to >, a> the 
(unique) second highest ranked single alternative, a2_ the third highest 
ranked single alternative, and a’ the lowest ranked single alternative (the 
notation is used only when the single alternatives are ranked strictly). 
Furthermore, for any set of single alternatives A €./, let A‘ be the ith top 
ranked element of A, according to =. Thus, A‘, is the (strictly) highest 
ranked alternative in A, A%_ is the second highest ranked alternative in A, 
and A'#! is the lowest ranked alternative in A. 


The problem facing society is the selection of an element of ./. The 
choice of a set that is not a singleton can be interpreted as meaning that 
the alternatives in the set are tied as winners. While it is natural to allow 
for any ordering of the single alternatives relative to each other, the 
rankings of non-singletons should be viewed as being “derived” from the 
singleton preferences, so that it is desirable to impose some restrictions on 
how non-singleton sets can be ranked. 

Three intuitive preference restrictions are:* 


EXAMPLE 1. The preference relation = is separating if the single 
alternatives are ranked strictly and Va,beMVAe.d, (i) [a,b¢€A and 
a>b]= {au A}> {bV A}, (ii) a> AL = {aU A} >A, and (iii) A’! >a 
=A>{avA}. 


EXAMPLE 2. The preference relation = is equal probability expected 
utility if the single alternatives are ranked strictly and there ae a utility 
finehion u over M such that VA, Be .W, AABSY ie 4ula dd [a] = ube B 
u(b; i TBI" 


EXAMPLE 3. Individuals with lexmin preferences first compare two sets 
by looking at their least elements, and if these are the same then looking 
at the next least elements and so forth. That is, = is lexmin if the single 
alternatives are ranked strictly and VA, Be.W~, A>Bo=[Alé!> Bl! or 
ake| G) ASB tO leet and Gy Ae BE or 
|A| > |BII. 


3 For expositional simplicity, I define these three preference classes only with a strict 
ranking of the single alternatives. 
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Equal probability expected utility preferences and lexmin preferences are 
both separating. On the other hand, with at least three alternatives equal 
probability expected utility preferences are not lexmin.* Rather than adopt 
a specific restriction, I will make assumptions that are consistent with a 
range of (severe) restrictions, including the above three. 

Given a strict ranking of single alternatives, which set rankings is it 
reasonable to rule out a priori? We certainly would not want to rule out 
the possibility that a voter’s best outcome occurs when his or her favorite 
alternative (a\_) is declared the unambiguous winner, his or her next best 
outcome when his or her favorite alternative is joined by his or her second 
favorite ({a\_,a%_}), and his or her worst outcome when his or her least 
favorite alternative is the unambiguous winner (a). Indeed, the above 
three restrictions all require these rankings. At the same time, the voter 
might well like his or her favorite two alternatives “much more” than the 
rest of the alternatives, which suggests that his or her strictly third best out- 
come should be his or her second ranked alternative (a*_), rather than one 
that involves a lower ranked alternative (e.g. {a ,a2.}). To be clear, I 
am not arguing that a voter must have this ranking, rather that this 
possibility should not be ruled out. After all, the single-alternative rankings 
carry only ordinal information. The above restrictions all admit of this 
possibility. This reasoning leads to the following definition of P“” preferences 
(“dup” for duple). 


DEFINITION 1. The set P“” is defined as follows: > ¢P“” if and only 
if the single alternatives are ranked strictly and for all A €.d@: 


(i) A#aL sal >A, 
(ii) AAal, {al a }=>{al,ai}>A, 
(iii) AA#al, {a ,at},ai sai >A, and 
(iv) A#aR>A>a. 
For any set A, let A,, be the set obtained by permuting the elements of 
a and b. That is, A,, is obtained from A by replacing a by 5 and b by a. 


DEFINITION 2. > is derived from > by permuting a and 5 if and 
only if: 


VA,B ASBSAy, = By. 


4 See Pattanaik [12]. 
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>= is derived from > if it can be derived from > by a series of permuta- 
tions. We will write, for instance, that > is derived from > by moving 
alternative a to, say, the top of the ranking >, if > is derived from > by 
a series of permutations in which a is first permuted with the next highest 
singleton, a is then permuted with the (new) next highest singleton, and so 
forth until a reaches the top of the ranking. 


We make the following assumptions with respect to the domain of 
admissible preferences, 


4 


Assumption 1. There exists a > €D with > eP”. 


Assumption 2. If =e€D and > is derived from >, then > e€ D. 
Assumption | says that all P“” preferences cannot be ruled out a priori. 
This follows naturally from the fact that the single-alternative rankings 
carry only ordinal information. Assumption 2 is a neutrality assumption. If 
one preference relation is admissible, then so is another one that consists 
of a relabeling of the candidates. This implies that every ranking of the 
singletons is permissible. At the same time, it preserves restrictions on the 
“form” of the set rankings. In particular, if = ¢P“? and > is derived from 
> then also > e P%”. 
So long as Assumptions | and 2 are satisfied, any further restrictions on 
) are permitted. 


Remark 1. The domain of all separating preferences satisfies Assump- 
tions | and 2. The domain of all equal probability expected utility preferences 
satisfies Assumptions | and 2. The domain of all lexmin preferences satisfies 
Assumptions | and 2. At the same time, P“” preferences are not necessarily 
separating. 

A social choice rule selects a set of alternatives based upon the reported 
set preferences of the individual voters. Formally, 


DEFINITION 3. A social choice rule with ties is a mapping S: D”>.Z, 
which selects a set of alternatives given a reported preference profile. 


A 


Given_ any profile R=(P1, Faas Fn) let (Ai R_)=(Ai, Posies 
Fie. Fir Pye sts Fn) 


DEFINITION 4. A_ social choice rule S is strategyproof over D if for all 
ReD”, ieN, and 7, €D, S(R) 7; S( A;, R_i). 


The following property has obvious appeal: 


DEFINITION 5. A _ social choice rule is unanimous over D if for all 
alternatives ae M and profiles Re D”, [for all ie N, a>; A for all Ae€.4, 
A#a|=>S(R)=a. 
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The Gibbard-Satterthwaite theorem establishes that the only unanimous 
strategyproof social choice rule without ties is a dictatorship. On the other 
hand, given the permissible restrictions on set preferences, there are 
additional (unattractive) unanimous social choice rules with ties. 


ExAMPLeE 4. [D consists of all separating preferences. The rule S(R) = 


{as ; as} for any two fixed voters i and j, is unanimous and strategyproof. 


With at least three voters, a condition which seems almost as desirable 
as unanimity (especially with a large population) is the stronger condition 
of near-unanimity.° 


DEFINITION 1. A social choice rule is nearly-unanimous over D if for all 
alternatives ae M and profiles Re D”, [for all but at most one ie N, a>; A 
for all Ae.W@, A#a]>S(R)=a. 


Since a dictatorship is not nearly-unanimous, there is no nearly-unani- 
mous strategyproof social choice rule without ties. As the next theorem 
indicates, there does not exist a nearly-unanimous strategyproof social 
choice rule with ties either.® 


THEOREM 1. Suppose there are at least three alternatives and at least 
three voters, and that D satisfies Assumptions 1 and 2. Then there is no 
nearly-unanimous strategyproof social choice rule with ties over 


4 


Theorem 1 is proved in Section 5.’ 

What if we do not require the existence of P“ preferences in the domain 
)? A person with P*”* preferences likes his or her favorite alternative 
much more than all the others. Formally: 


DEFINITION 7. The set P*”* is defined as follows: > ¢P*”* if and only 
if the single alternatives are ranked strictly and for all A €.d@: 


(i) A#al al >A, 
(ii) al. eA,al. ¢B>A>B 


5 This condition is similar to the Residual Resoluteness condition of Duggan and Schwartz 
[8]. See Section 4 for more on this. 

® With essentially no modification to the proof of Section 5, near-unanimity can be replaced 
by the following weaker condition: [for all but at most one i, a>, A for all A #a, and a is 
at least the third ranked single alternative for all i] = S(R) =a. 

7 The restriction to a minimum of three, rather than two, voters is only to make the require- 
ment of near-unanimity sensible. 
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As the next example shows, Theorem 1 does not survive the replacement 
of Assumption 2 by an assumption that there exists at least one > ¢ P*™”®. 


EXAMPLE 5. Suppose there are exactly three voters and that Dc P*””, 
The decision rule that picks a strict majority winner when it exists, and 
otherwise declares a tie among every alternative that receives a first place 
vote is nearly-unanimous and strategyproof. With more than three voters, 
this decision rule remains strategyproof if, in addition to D¢ P*”%, we 
impose the restriction that [al € A, B and Ac B] > A > B. This additional 
restriction has the interpretation that when two sets are “similar enough”, 
a voter prefers the smaller, more decisive set. 


Remark 2. A non-singleton choice set has been taken to indicate a tie. 
Another interpretation is that the selection of several alternatives is an 
interim stage. Ultimately, a single alternative will be chosen using a process 
that is not clearly understood. 


Remark 3. Given any social choice rule without ties that is nearly- 
unanimous (or unanimous but not a dictatorship), it is not a dominant 
strategy for any individual to truthfully report his or her preferences. In 
contrast, reconsider the nearly-unanimous decision rule of Example 5, 
which picks a majority winner when it exists and otherwise declares a tie 
among every alternative that receives a first place vote. Let D consist of all 
separating preferences. Then this nearly-unanimous decision rule is not 
strategyproof. Nonetheless, truth-telling remains a dominant strategy for 
an individual with preference relation >, where > ¢ P* and [AL = BL 
and Ac B|=>A>B. 


3. LOTTERIES 


Since allowing the use of rules with ties does not enlarge the set of 
strategyproof decision rules in an acceptable manner, I now consider the 
possibility of a probabilistic decision rule. Gibbard [11] showed that when 
only information about individuals’ rankings of single alternatives is used, 
probabilistic rules are of limited help: random dictatorships are the only 
unanimous, strategyproof lotteries. However, he leaves open the question 
of the strategyproofness of lotteries that use complete preference information. 
In this section, I extend his result to such lotteries. 

Let 4,, be the set of all probability distributions over the set of alter- 
natives VM. Let D, be the admissible preference orderings of the elements 
of Ay. Given any 0<e<4, let 4%, be defined by ge 44, {qe Ay and for 
i=1,2,..,m (q;40=>4q;286). Thus, 44, consists of those probability 
distributions for which the minimum nonzero probability is at least ¢. I will 
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restrict my attention to lotteries for which the minimum non-zero weight 
is bounded away from zero, though this bound may be arbitrarily small. 
The reason for this (mild) restriction will become clear shortly. 

A social choice rule with a lottery assigns a probability distribution over 
the alternatives given a preference profile. We have: 


DEFINITION 8. A social choice rule with a lottery is a mapping L: D”, > 
A‘, for some «. 


Note that this representation encompasses complex lotteries, including 
those in which a subset of alternatives is first chosen at random and then 
a deterministic procedure is used on them. 

Given any gé44,, qq denotes the weight attached to alternative ae M. 
Let g(R) be the probability distribution the social choice lottery uses given 
the profile R. 


DEFINITION 9. A social choice rule with a lottery is nearly-unanimous if 
for all alternatives ae M, qe 44, with g,=1, and profiles Re D”,, [for all 
but at most one ie N, g>;q’ for all g'€45,, gg #1] >q,(R)=1. 


Somewhat abusively, let ai denote the alternative corresponding to the 
ith most preferred degenerate distribution according to =, whenever > 
ranks the degenerate distributions strictly. Thus, a distribution g with 
al = 1 is the highest ranked degenerate distribution. In the lottery context, 
we will say that a person has P“” preferences if, loosely speaking, his or 
her favorite distributions are, in descending order, one that gives weight 
only to his or her top choice, then ones that give weight only to his or her 
top two choices, and then only to his or her second choice, while his or 
her least favorite lottery gives weight only to his or her bottom choice. 
Formally, > ¢P“ if the degenerate distributions are ranked strictly and 
for all g, q’€A4,: 


G@) [a =l qa #ll]>9q>q, 

(it) [gat +4a2 =land qa #1), (qa? =Lor ga +922 <1)] 
=¢>7, 

(i) [q2=Latqe<l]>q>q', and 

(iv) [dan #1, qin =1] > a> q'. 


Again, preference > is derived from > if it is a permutation of >. Con- 
sider the domain D,,, of all expected utility maximizers. Since, by definition, 
any social choice rule with a lottery involves a minimum non-zero weight, 
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there exists a =e D,, with >¢P. For instance, if the minimum non- 
zero probability is ¢ then the utility assignment u(a¥_) = —1/e” yields P“” 
preferences for an expected utility maximizer. Hence, D,,, satisfies Assump- 
tion 1. In addition, D,, obviously satisfies Assumptions 2. It is natural, 
though not necessary, to consider expected utility maximizers. 

Theorem | can be reinterpreted as: 


THEOREM 2. Suppose there are at least three alternatives and at least 
three voters, and that D, satisfies Assumptions 1 and 2. Then there is 
no nearly-unanimous strategyproof lottery over D,. In particular, there is no 
nearly-unanimous strategyproof lottery over 


4 


eu* 


4. RELATION TO LITERATURE 


Other papers that consider social choice rules with ties, such as Ching 
and Zhou [7], Duggan and Schwartz [8], and Barbera [2] study rules 
that take preferences only over single alternatives as their inputs. This limits 
the set of decision rules under consideration, weakening their conclusions 
that there is no “reasonable” strategyproof rule. They partially compensate 
for this limitation, however, by modifying the notion of what constitutes a 
beneficial manipulation for a voter. Note that an impossibility theorem is 
stronger the smaller the set of such manipulations.® 

Suppose a social choice rule allows a misrepresentation for voter i which 
changes the chosen set from A to B. For Ching and Zhou, this social choice 
rule is not strategyproof if there exists any (strictly positive) pair of lotteries 
over A and B, derived as conditional distributions from the same prior, 
such that some expected utility maximizer with i’s ranking of the single 
alternatives would prefer B to A. For Duggan and Schwartz this rule is not 
strategyproof if for every pair of lotteries some expected utility maximizer 
prefers B to A. Neither of these conditions is sufficient to guarantee that a 
social choice rule is not strategyproof in this paper. For example if 
A= {ay} and B= {ay , a>}, then for both the above papers the associated 
social choice rule is necessarily not strategyproof, whereas, on the basis of 
this information alone, the rule could be strategyproof in the present paper. 
On the other hand any beneficial manipulation in this paper would 
necessarily be a beneficial manipulation in those papers. Thus, Theorem 1 
would imply their main results if they also imposed the condition of near- 
unanimity. However, Duggan and Schwartz use the related condition of 


8] thank John Duggan for this insightful approach to comparing the results of [7], [8], 
and [2]. The ensuing discussion is based upon his explanations to me. 
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residual resoluteness (along with non-dictatorship),? while Ching and Zhou 
impose a version of unanimity.'° Barbera [2] uses a notion of manipula- 
tion which is much closer to mine. However, while he does not use 
near-unanimity, he imposes the strong requirement of positive-responsive- 
ness. 

Barbera, Sonnenschein, and Zhou [5] consider situations in which the 
goal is to select a set of indeterminate size, for instance, a group of 
individuals for instatement into an honorary society. Each voter i is 
assumed to have separable preferences: a subset of the candidates is deemed 
“deserving” and {aU A}>,A if and only if a is deserving. Under this 
assumption there exists a (unique) class of reasonable strategyproof 
rules. Note that separable preferences are not P“” when there are at 
least three alternatives, since al >A for all A#a\ implies that only aL 
is deserving, while A>a% for all A#a% implies that only aZ is not 
deserving. 

Although Barbera, Sonnenschein, and Zhou rule out P“” preferences, 
even within their context these preferences are not unreasonable. Consider 
three candidates, a, b, and c, and a voter who feels that a is marginally 
deserving of instatement, 5 is marginally undeserving, and c is a horrible 
candidate who is clearly undeserving. That {a} and {ab} should be the 
voter’s top two outcomes seems clear. Furthermore, given the voter’s 
strong dislike of c, ranking {5} third is natural enough. This ranking of the 
top three sets is consistent with the assumption of separability. Finally, the 
voter may take the attitude that if it turns out that c is instated then b 
should also be, since 6, though marginally undeserving, is nonetheless 
much more deserving than c. Alternatively, the voter might feel that the 
sole instatement of the horrible candidate c sends the worst message. In 
either case, {c} would be the worst outcome, giving the voter P“” 
preferences. 

Gibbard [11] considers random rules that use only single-alternative 
rankings as their inputs, and he reaches a largely negative conclusion. 
Theorem 2, which allows for complete ranking information, would be a 
generalization of his result, except that he requires only unanimity rather 
than near-unanimity. Barbera, Bogomolnia, and van der Stel [3] allow the 
voters to express preferences over lotteries and manage to characterize a 
limited class of (unattractive) strategyproof lotteries. 


° Residual resoluteness requires that a unique alternative be chosen whenever all but one 
voter ranks, say, a first among the a/ternatives and b second, while the remaining voter ranks 
b first and a second. If voters have expected utility preferences this condition is weaker than 
near-unanimity. 

10 Specifically, if all voters rank a first among the alternatives, then a is an element of the 
choice set. 
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The closest paper to this one is the recent (independent) work of 
Barbera, Dutta and Sen [4].'! They consider social choice rules with ties 
and they also allow the rule to use full set rankings as inputs. Depending 
on the details, they show that only a dictatorship is strategyproof or only 
a dictatorship and a bi-dictatorship.'* In their model, voters rank single 
alternatives strictly and evaluate the choice sets using utility functions that 
can be rationalized as expected utility maximization. In contrast, this paper 
does not require that voters’ preferences be rationalizable as expected 
utility maximization. This difference is not without consequence. For 
instance, their work does not cover the domain of lexmin preferences 
(defined in Example 3). Indeed, as the next example shows, their theorems 
are not true over this domain. 


EXAMPLE 6. Suppose D consists of all lexmin preferences. Then the rule 


S(R)={ay_,ay,..,aS} for any fixed set of voters is unanimous and 
area However, when more than two voters are used, this rule is 
neither a dictatorship nor a bi-dictatorship and hence is not strategyproof 
over the domain of expected utility maximizers. Of course, this rule is not 


nearly-unanimous. 


The example of lexmin preferences notwithstanding, the results of [4] 
are quite strong, as the assumption that preferences are expected utility 
derivable is a natural one. Relaxing this assumption, however, does permit 
the elucidation of the preference conditions required for a Gibbard— 
Satterthwaite type result. As the next example shows, when D consists of 
all equal probability expected utility preferences, the fact that D contains 
P“” preferences is crucial for a negative result. 


EXAMPLE 7. Suppose there are three voters and three (strictly ranked) 
alternatives, and that [= ¢D< = is equal probability expected utility and 
> ¢P“”]. Consider the decision rule that picks a strict majority winner 
when it exists, and otherwise declares a tie among every alternative that 
receives a first place vote. With this rule, the only opportunity for voter i 
to strategize occurs when the other two voters are Split on their first choice. 
If they are so split and one of ee has voted for a\_, then clearly i should 
also do so in ouder to have oe chosen. Otherwise. ‘the others have voted 
for ay and a}. Since i’s preferences are expected utility but not P%”, 


1 A warning to a reader of their work. Their discussion of my paper is based upon an 
earlier version, which used different assumptions. 
Example 4 uses a bi-dictatorship. 
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1 2 3 2 
{a5 ay» ae Zidy 


rule is strategyproof, as well as nearly unanimous. 


so that i should still vote for Oe Thus, this decision 


i 


Logically, the results of Barbera, Dutta and Sen and Theorem | of this 
paper are independent. While I use weaker assumptions on the preference 
domain, they manage an exact characterization of the unanimous 
strategyproof decision rules, rather than lumping these together as not 
nearly-unanimous. As to lotteries, Barbera, Dutta, and Sen can also be 
interpreted as considering probabilistic decision rules, but only those 
that use fixed ratios in the probability distributions over the alter- 
natives. Of course, there is no reason the lotteries should be restricted in 
this way and, indeed, the lottery interpretation is not their leading inter- 
pretation. 

The relatively simple proof of Theorem 1 uses the idea of a pivotal voter 
as introduced by Barbera [1] and later used by Geanakoplos [9 ]. 


5. PROOFS OF THE THEOREMS 


Proof of Theorem | (reductio ad absurdum). Suppose we are given a 
nearly-unanimous strategyproof social choice rule S. 


Step 1. We begin with a profile in which b is the bottom ranked alter- 
native for everyone, and everyone’s preferences are drawn from P“? (from 
Assumptions | and 2 such a profile exists). For this profile, the singleton 
b is not the choice set. Otherwise, alternative 5 would still have to be 
the choice set if any individual i reported a preference with alternative 
d#b ranked first (if not i would falsely report such a preference). Con- 
sidering the individuals one at a time, we have that b would still be the 
choice set if everyone ranked alternative d first, which contradicts near- 
unanimity. 

Now modify the profile by changing voter 1’s preference to >,, where 
=, is derived from 1’s previous preference by raising b to the top of 1’s 
alternative ranking (invoking Assumption 2. We have that (still) =, ¢ P#” 
and that b is also the top ranked set). If the choice set is now the singleton 
b, stop; otherwise modify the profile again by changing individual 2’s 
preference to >,, where , is derived from 2’s previous preference by 
raising b to the top of 2’s ranking. If the choice set is now the singleton b, 
stop; otherwise proceed in a similar manner one player at a time until the 
choice set is b. By near-unanimity, b must eventually be the choice set. Let 
r be the pivotal voter for whom the modification causes the choice set to 
be the singleton b. That is, with the profile: 
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2, EP” F cPpw ... B, ,eP? > eP!? F,eP™ + Zi eper 
b b be. b k d ees e 
f g 
t h 5 b b bes. b 


(Profile 1) 


(where the first row indicates i’s overall preference relation and the column 
gives i’s relative ranking of single alternatives only) the choice set is not b, 
whereas with the profile: 


=, eP? F,eP%? ... F_,eP™” F,eP? F,,6P «++ ZiePw 
b b bes b b d ve e 
f g : k 
t h 8 b bisss b 


(Profile 2) 


the choice set is b. 

Consider a voter i=r+1 in Profile 2. This voter ranks the set b last. 
Therefore, the decision rule must select b as the choice set no matter what 
ranking voter i reports (holding all the other voters fixed), or else 7 would 
report a different profile and the decision rule would not be strategyproof. 
Considering individuals r+1 through n one at a time, we have that the 
singleton 5 must be the choice set no matter what preferences individuals 
r+1 through n report, given the rankings of individuals 1 through r. 

Now (holding all the other voters fixed), suppose a voter i<r has a 
different ranking =; such that (still) b is the top ranked set. By 
strategyproofness b must still be the choice set, or else i would not honestly 
report this different ranking. Combining the above facts we have: 


e The choice set is b whenever the first r voters rank the singleton b 
first among all sets. (* S=b) 


Now consider Profile 1, where 6 is not the choice set. The singleton b 
must still not be the choice set if any voter i<r—1 reports a different ranking, 
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otherwise i would have an incentive to misreport. Also, alternative b must 
still not be the choice set if any voter i>r has a different ranking = such 
that D is (still) minimal, or else 7 would not truthfully report this change. 
Combining the above facts we have: 


e The choice set is not b whenever voters r through n rank the 
singleton b last among all sets. («* S#b) 


Step 2. We now argue that, contrary to our assumption, the social 
choice rule is not both strategyproof and nearly unanimous. 
Consider a profile of the form (Assumptions | and 2): 


Fy eRe? PeePer. in Peer PoEP FipveP + FyeP 
k k k k k k vee k 
b b b b b b be. b 
(Profile 3) 


By near-unanimity, the singleton k is the choice set. Now for See 
i<r—l1, taken one at a time, change the ranking to = where >, i 
derived from 7; by raising b to the top of the ranking (we have (still 
>, ¢P and (now) k is the second ranked singleton). By ( * * S45) the 
singleton b is not the choice set, so the choice set must be & or {b, k}; if 
not some 7 would not honestly report this change, given that i’s top three 
outcomes are b, {b,k}, and k. ipcaee modify voter r’s preference to > “ 
where =. is derived from ~,, by raising alternative b to the second 
ranked (alternative) position. The choice set must still be either k or {b, k}, 
or else voter r would not honestly report this change. Thus, the singleton 
k or the duple {b, k} is the choice set with the profile: 


Sep Sep? ... SF ,eP? Sep > cP! .. Zep 
b b b b k k k k 
k k k.- k b 
? ? Dass ? ? b b.-. b 


(Profile 4) 
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Now for all i#r, derive new rankings by raising c to the top position, 
yielding: 


Sep? Sleper ... > ,epw Sep > eR... Sepa 
c c Cre c k c CRs c 
b b be. b b k ks. k 
k k k k 
? ? Dee ? ? b be. b 
(Profile 5) 


By near-unanimity the choice set is the singleton c. 
Now, one at a time, drop c to the second position for voters i<r—1, 
yielding: 


eieP? preper 1. mt eR? FS ePr > ep ... Blepy 
b b be b k ¢ Cee é 
Cc c Coe Cc b k ko. k 
k k k k 
9 9 Pane 9 ? b bes. b 
(Profile 6) 


First suppose that the choice set is not the singleton b with Profile 6. 
Then the choice set must be c or {b,c}, or else some voter i<r—1 would 
not truthfully report the change to 7 in Profile 6. Now imagine that with 
Profile 6, voter r considers falsely reporting that b is top-ranked. On the 
one hand, the choice set must not then be the singleton 6, or else r would 
falsely make this report, while on the other hand from (* S=)b) the choice 
set must then indeed be the singleton b. We have a contradiction. 

Suppose instead that for Profile 6, the choice set is b. Then the singleton 
b must still be the choice set when we turn Profile 6 into Profile 4 by (i) 
changing =} to 2; for each i<r—1 (one voter at a time), or else one of 
these voters would not truthfully report such a change and by (ii) changing 
2; to =; for each i>r-+1 (one voter at a time), or else one of these voters 
would falsely report such a change. Again we have a contradiction, since 
with Profile 4 the choice set is the singleton k or the duple {d, k}. 

The social choice rule is not both strategyproof and nearly unanimous. 
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Theorem 2 is proved by reinterpreting the terms in the proof of Theorem 1. 
Proof of Theorem 2. In the proof of Theorem 1, 


(i) take the profile rankings of the single alternatives to be the 
rankings of the degenerate lotteries, 


(ii) take the “choice sets” to the be the alternatives that are given 
strictly positive probability according to the social choice rule, 


(ii1) interpret a voter’s top f outcomes as lottery choice sets that are 
preferred to all other choice sets. Thus, for instance, a voter whose top two 
outcomes are {b} and {b,k} most prefers the degenerate lottery ¢,=1, 
and prefers any lottery with g,+9,=1 to any lottery with g, +9, <1. 

With these three readings of Theorem 1, Theorem 2 is established. J 
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